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We propose and demonstrate experimentally a projection scheme to measure the quantum phase
with a precision beating the standard quantum limit. The initial input state is a twin Fock state
|N,N〉 proposed by Holland and Burnett [Phys. Rev. Lett. 71, 1355 (1993)] but the phase informa-
tion is extracted by a quantum state projection measurement. The phase precision is about 1.4/N
for large photon number N , which approaches the Heisenberg limit of 1/N . Experimentally, we em-
ploy a four-photon state from type-II parametric down-conversion and achieve a phase uncertainty
of 0.291 ± 0.001 beating the standard quantum limit of 1/
√
N = 1/2 for four photons.
PACS numbers: 42.50.Dv, 03.65.Ta, 07.60.Ly.
The measurement of the magnitude of a physical quan-
tity is one of the main tasks of modern physics. The key
question is what precision can be achieved in the mea-
surement. Principally, this is governed by the laws of
quantum mechanics. For example, the precision of the
quantum phase measurement can be intuitively under-
stood from the Heisenberg uncertainty principle for the
phase and photon number [1] as
∆φ∆N ≥ 1, (1)
where ∆φ and ∆N are the fluctuation for the phase and
photon number. Therefore, the shot noise of ∆N =√
〈N〉 from a laser in coherent state gives rise to the
shot-noise limit or the so-called standard quantum limit
[2] for the phase measurement as ∆φ & 1/
√
〈N〉 with an
average photon number of 〈N〉.
However, the standard quantum limit is not the ulti-
mate limit for the precision in phase measurement. It
has been surpassed with squeezed state based interfer-
ometry [3, 4]. The ultimate limit was proven [5, 6] to be
the Heisenberg limit [7] of 1/〈N〉. A number of schemes
were proposed [3, 6, 8, 9, 10, 11] that can reach this limit.
But none of them was realized experimentally, primarily
due to the fragile effect of loss in the system.
Recently, research focus is shifted to the maximally
entangled photon-number state (MES) or the so-called
NOON state [6, 10, 12, 13, 14] in the form (|N, 0〉 +
|0, N〉)/√2, which, due to a multi-photon interference
effect, leads to a multi-photon detection probability of
PMES(φ) = (1 + cosNφ)/2. (2)
The advantage of using MES is that it is not as sensitive
to loss as the squeezed states. Loss will simply reduce the
success probability and increase the number of photons
required for phase measurement, but in a linear fashion.
It has been demonstrated that the above super-resolved
phase dependence can be achieved without the need of
a NOON state. However, as recently pointed out [15,
16], the super-resolved phase dependence in Eq.(2) does
not necessarily lead to a phase measurement precision
exceeding the standard quantum limit.
In this letter, we will study the problem of precision
phase measurement with a different approach. We will
combine the concept of twin-photon state [8, 11] with re-
cently developed quantum state projection method [16].
We find that the new measurement scheme allows us to
achieve a phase measurement precision that is close to the
Heisenberg limit. We demonstrate the feasibility of the
scheme with two-photon state and four-photon state and
obtain a phase measurement precision of 0.501 ± 0.001
and 0.291 ± 0.001 for these states, respectively. These
values are significantly better than 1/
√
2 and 1/2 set by
the standard quantum limit.
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FIG. 1: Projection measurement for phase measurement with
a twin-Fock state. (a) Generation of the state |Ψ2N (φ)〉
from a twin-Fock state; (b) Projection measurement of P =
|Ψ2N 〉〈Ψ2N |. The dashed box is a projection to |N,N〉.
Theory – Consider a two-mode state that is generated
by injecting a twin Fock state |N,N〉 into a 50:50 beam
splitter [8] as shown in Fig.1. The two-mode state has
the form of:
|Ψ2N〉 =
N∑
k=0
(−1)N−k
[(
2k
k
)(
2N − 2k
N − k
)(
1
2
)2N ]1/2
× |2k〉u |2N − 2k〉d , (3)
2where |2k〉u |2N − 2k〉d denote 2k photons and 2N − 2k
photons in the up and down modes, respectively. This
state has been studied extensively in Refs.[8, 11]. The
photon number variance is
〈∆2N〉u = 〈aˆ†uaˆuaˆ†uaˆu〉 − 〈aˆ†uaˆu〉〈aˆ†uaˆu〉
= (N2 +N)/2, (4)
where 〈aˆ†uaˆu〉 = N and 〈aˆ†uaˆuaˆ†uaˆu〉 = (3N2 + N)/2.
From Eq.(1), we find the phase fluctuation ∆φ ∼√
2/
√
N2 +N . Thus if we use this state to probe a
small phase shift, the measurement precision may ap-
proach
√
2/N when N is much larger than 1. This is
close to the Heisenberg limit of 1/N .
Let us now see how we can use the above state for
phase measurement. When the phase shift operator Uˆ =
exp(iφaˆ†uaˆu) acts on this state, the state becomes:
|Ψ2N(φ)〉 =
N∑
k=0
(−1)N−k
2N
[(
2k
k
)(
2N − 2k
N − k
)]1/2
×ei2kφ |2k〉u |2N − 2k〉d . (5)
Refs.[8, 11] provided two methods to extract the phase
information: one is based on the variance of the photon
number difference [8] while the other on a parity measure-
ment [11]. However, none of them are easily implemented
experimentally. Here we present a different method for
phase measurement, based on the general guideline out-
lined in Ref.[6]. The idea is to compare the phase-shifted
state in Eq.(5) with the original unshifted one in Eq.(3).
This can be done by making the projection of the state
|Ψ2N (φ)〉 onto the state |Ψ2N 〉: 〈Ψ2N |Ψ2N (φ)〉, which
is simply the measurement of the projection operator
Pˆ ≡ |Ψ2N 〉 〈Ψ2N | on the state |Ψ2N(φ)〉:
P (φ) = 〈Ψ2N (φ)|Pˆ|Ψ2N (φ)〉 = | 〈Ψ2N |Ψ2N (φ)〉|2
=
{
N∑
k=0
cos[φ(2k −N)]
2N
(
2k
k
)(
2N − 2k
N − k
)}2
. (6)
The projection operator Pˆ ≡ |Ψ2N 〉 〈Ψ2N | can be con-
structed by the method described in Ref.[16]. From the
identity equation
N∑
k=0
(−1)N−kx2ky2(N−k)
(
N
k
)(
1
2
)2N
= (x2 − y2)N/2N = [(x− y)/
√
2]N [(x+ y)
√
2]N , (7)
we find that the projection Pˆ is achieved by measuring
the probability of detecting N photons at each outport
of a 50:50 beam splitter BS2 (Fig.1b). The 2N-photon
coincidence rate is proportional to P (φ) in Eq.(6)
The phase uncertainty from the error propagation the-
ory is given by [17]
∆φ = ∆P (φ)
/∣∣∣∣∂P (φ)∂φ
∣∣∣∣, (8)
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FIG. 2: Phase uncertainty versus photon number N . The
solid line shows the phase uncertainty at φ = 0 using the twin-
photon state input and the projection measurement. The
dash-dotted line and dashed line show the Heisenberg limit
∆φHL and the standard quantum limit ∆φSQL.
where ∆P (φ) ≡ 〈Pˆ2〉 − 〈Pˆ〉2 = P (φ)[1 − P (φ)]. For the
case of N = 1, the state |Ψ2N〉 is exactly the two-photon
MES state and P (φ) = cos2 φ so that the phase uncer-
tainty defined in Eq.(8) is ∆φ = 1/2. This is exactly
the Heisenberg limit for two photons. With N = 2,
P (φ) = (34 cos 2φ +
1
4 )
2, and ∆φ = 1/
√
12 = 0.289 in
the limit φ→ 0. This is slightly larger than the Heisen-
berg limit of ∆φHL = 1/4 = 0.25, but is much less than
the standard quantum limit of ∆φSQL = 1/
√
4 = 0.5
for four photons. A log-log plot of the phase uncertainty
derived from Eqs.(6, 8) with φ = 0 versus photon num-
ber N is shown in Fig.2 as the solid line together with
the Heisenberg limit (dash-dotted line) and the standard
quantum limit (dashed line), respectively. With a large
photon number, the slope of the ∆φ is approaching −1,
just as the slope of ∆φHL. However, the plot of ∆φSQL
shows a slope of −1/2. It is clear that ∆φ is much better
than ∆φSQL. From the numerical calculation, we have
∆φ ∼ 1.4∆φHL for a large photon number.
Experiment – Compared to the MES, the two-mode twin
Fock state and the state |Ψ2N〉 in Eq.(3) after the beam
splitter can be prepared more easily. For experimental
implementation, two orthogonal polarization modes are
used instead of the spatial modes in Fig.1. The polariza-
tion twin Fock state can be generated through the process
of type-II parametric down conversion (PDC). As shown
in Fig.3, a BBO crystal cut for type-II beam-like para-
metric down-conversion [18] is pumped by 150 fs, 200mw
ultraviolet (390 nm) pulses to produce the photon pairs.
The down converted photons (780 nm) are coupled into
the polarization maintaining single-mode fiber. The two
polarization modes are combined by a polarization beam
splitter (PBS1) and transmitted through a 3 nm interfer-
ence filter (IF) and a half wave plate (HWP1).
It is easy to implement for photon states with small
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FIG. 3: (color online) Experimental setup. PBS: polarization
beam splitter; HWP: half wave plate; IF: interference filter;
PS: phase shifter; BS: beam splitter.
numbers such as N = 1, 2, which can be realized with
two and four detectors, respectively (Fig.3). The phase
shift operator Uˆ = exp(iφaˆ†H aˆH) on horizontal polariza-
tion is realized by changing the incident angles of the
two identical quartz crystals (PS), as illustrated in Fig.3.
To avoid the shift of the beam, the two quartz crystals
are turned simultaneously in opposite directions. The
projection measurement of |Ψ2N 〉 is achieved by 2N-fold
coincidence measurement after the half wave plate HWP2
(set at 22.5◦) and PBS2. The detection of N photons in
each output port of PBS2 indicates a successful projec-
tion to |Ψ2N〉. For two-photon case, detectors A and C
are used while all four detectors are involved for four-
photon case.
Fig.4 shows the results of measurement with two-
photon and four-photon states. The data are normal-
ized to the maximum count. The result for two-photon
state is illustrated in Fig.4(a). The data are fitted to
the function of P2(φ) = (1 + V cos 2φ)/(1 + V ), with
V = (95.3 ± 0.1)% as the visibility defined by V ≡
(Cmax−Cmin)/(Cmax+Cmin). So the minimal phase un-
certainty defined in Eq.(8) is ∆φ = 0.506 ± 0.001 when
φ = 0, whereas for an average photon number of 2, the
standard quantum limit is ∆φSQL = 0.707.
Fig.4(b) shows the result of four-photon case. Since
the four photons are from two pairs of down-converted
photons, we need to consider the distinguishability be-
tween the two pairs [19]. Then the result is [20]
P4(φ) =
(1 + 2E/A)(3 cos 4φ+ 4 cos 2φ) + 9 + 2E/A
16 + 16E/A ,
(9)
where E/A(≤ 1) describes the degree of temporal dis-
tinguishability between two pairs of photons. The closer
to one the value of E/A is, the more indistinguishable
the pairs are. In Fig.4(b), the solid curve is a least
square fit to the above function with E/A = 0.93± 0.03.
This value of E/A is consistent with that in previ-
ous study [18]. From P4(φ), we may derive the phase
uncertainty from Eq.(8) and plot it against the phase
shift φ, as shown in Fig.5. Compared with the stan-
dard quantum limit (dashed), the phase uncertainty
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FIG. 4: (color online) Experiment data: (a) Two-photon coin-
cidence counts between detectors A and C versus the single-
photon phase difference φ. The continuous curve is a least
square fit to the function P2(φ). (b) Four-photon coincidence
counts versus φ. They are fitted to the function of P4(φ). The
data are normalized to the maximum counts of 8837/s and
375/100s for (a) and (b), respectively.
from the four-photon state is better in the regions of
φ ∈ (kpi − 0.885, kpi + 0.885). The minimal phase un-
certainty is ∆φmin = 0.291± 0.001 at φ = kpi.
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FIG. 5: (color online)Phase uncertainty versus phase shift.
The solid line shows the phase uncertainty using the four-
photon state. Correspondingly, the dash-dotted line and
dashed line show the cases of Heisenberg limit ∆φHL and
standard quantum limit ∆φSQL.
The improvement of precision comes from the multi-
photon interference effect due to multi-photon entangle-
ment. The optimal state is the MES. Other states with
less entanglement, such as the two-mode state in Eq.(3),
may show a phase measurement precision worse than the
4MES, but they may still give a precision close to the
Heisenberg limit. However, decoherence in the multi-
photon state will reduce the entanglement effect and in-
fluence the phase measurement precision. For example,
if the four photons state from the parametric down con-
version are separated into two distinguishable pairs, i.e.
E/A = 0 [19], the theoretical phase uncertainty is then
0.354 (shown as the dotted line in Fig.5). The value
of 0.354 is still better than the standard quantum limit
∆φSQL = 0.5. This is because there is still some par-
tial entanglement in this four-photon state (the down-
converted two photons are correlated and entangled).
In experiment, losses of photons and imperfection in
detector efficiency will decrease the success probabil-
ity of projection measurement. However, it will not
affect the uncertainty of phase measurement because
the measurement fidelity remains unchanged. The loss
in projection measurement can be modelled as: M =
η2 |Ψ2N 〉 〈Ψ2N |, where the coefficient η depends on pho-
ton losses and detector efficiency. In the calculation
of ∆φ, we have ∆2M(φ) = 〈Ψ2N (φ)|M2 |Ψ2N(φ)〉 −
(〈Ψ2N(φ)|M |Ψ2N (φ)〉)2 = η4[P (φ) − P 2(φ)] and
|∂M(φ)∂φ | = η2|∂P (φ)∂φ |. From Eq.(8), we find that the un-
certainty of the phase measurement is unchanged. The
reason for this is that projection measurement is a post-
selection of the states with a fixed photon number for
the input state. Lost photons are excluded. However, the
higher photon number states that may arrive from higher
order parametric down-conversion would contribute to
the background and should be subtracted. Otherwise
it will decrease the fidelity of projection measurement.
Therefore, loss only decreases the success probability and
thus increases the number of trials required, that is we
will need N/η photons instead of N photons. But as long
as η is fixed, the phase uncertainty will be 1.4/ηN ∼ 1/N ,
similar to the Heisenberg limit. Multi-photon coinci-
dence measurement usually has very low efficiency. It
is anticipated that as technology develops [21], new effi-
cient multi-photon detector will replace the low efficiency
multi-photon coincidence measurement for the projection
measurement. Since our experiment is a demonstration
of principle, we set η to 1 in our analysis.
In conclusion, we discussed a new state projection mea-
surement for extracting the phase information with a
twin Fock state, with a for large photon number. The
concept, i.e., a state preparation for phase measure-
ment and a projection for comparison, can be gener-
alized. Experimentally, we demonstrate the feasibility
of the scheme with a phase measurement precision of
0.506 ± 0.001 for two-photon state and 0.291 ± 0.001
for four-photon state, respectively. Unlike many other
schemes realized so far [12, 13, 15, 16, 22], our scheme
can be applied to large photon numbers.
After submitting our manuscript, we became aware of
the work by Nagata et al. on a similar topic [22].
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